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Abstract
A total coloring of a graph G is a coloring of its vertices and edges
such that no adjacent vertices, edges, and no incident vertices and edges
obtain the same color. An interval total t-coloring of a graph G is a total
coloring of G with colors 1, . . . , t such that all colors are used, and the
edges incident to each vertex v together with v are colored by dG(v) + 1
consecutive colors, where dG(v) is the degree of a vertex v in G. In this pa-
per we prove that all complete multipartite graphs with the same number
of vertices in each part are interval total colorable. Moreover, we also give
some bounds for the minimum and the maximum span in interval total
colorings of these graphs. Next, we investigate interval total colorings of
hypercubes Qn. In particular, we prove that Qn (n ≥ 3) has an interval
total t-coloring if and only if n+ 1 ≤ t ≤ (n+1)(n+2)
2
.
Keywords: Total coloring, Interval total coloring, Interval coloring,
Complete multipartite graph, Hypercube
1 Introduction
All graphs considered in this paper are finite, undirected and have no loops
or multiple edges. Let V (G) and E(G) denote the sets of vertices and edges of
G, respectively. Let V E(G) denote the set V (G)∪E(G). The degree of a vertex
v in G is denoted by dG(v), the maximum degree of vertices in G by ∆(G) and
the total chromatic number of G by χ′′(G). For S ⊆ V (G), let G[S] denote
the subgraph of G induced by S, that is, V (G[S]) = S and E(G[S]) consists of
those edges of E(G) for which both ends are in S. For F ⊆ E(G), the subgraph
obtained by deleting the edges of F from G is denoted by G − F . The terms
and concepts that we do not define can be found in [1, 20, 21].
Let ⌊a⌋ denote the largest integer less than or equal to a. For two positive
integers a and b with a ≤ b, the set {a, . . . , b} is denoted by [a, b] and called an
1
interval. For an interval [a, b] and a nonnegative number p, the notation [a, b]⊕p
means [a+ p, b+ p].
A proper edge-coloring of a graph G is a coloring of the edges of G such
that no two adjacent edges receive the same color. If α is a proper edge-coloring
of G and v ∈ V (G), then S (v, α) denotes the set of colors appearing on edges
incident to v. A proper edge-coloring of a graph G is an interval t-coloring [2]
if all colors are used, and for any v ∈ V (G), the set S (v, α) is an interval of
integers. A graph G is interval colorable if it has an interval t-coloring for some
positive integer t. The set of all interval colorable graphs is denoted by N . For
a graph G ∈ N , the least (the minimum span) and the greatest (the maximum
span) values of t for which G has an interval t-coloring are denoted by w(G) and
W (G), respectively. A total coloring of a graph G is a coloring of its vertices
and edges such that no adjacent vertices, edges, and no incident vertices and
edges obtain the same color. If α is a total coloring of a graph G, then S [v, α]
denotes the set S (v, α) ∪ {α(v)}.
A graph Kn1,...,nr is a complete r-partite (r ≥ 2) graph if its vertices can be
partitioned into r independent sets V1, . . . , Vr with |Vi| = ni (1 ≤ i ≤ r) such
that each vertex in Vi is adjacent to all the other vertices in Vj for 1 ≤ i < j ≤ r.
A complete r-partite graph Kn,...,n is a complete balanced r-partite graph if
|V1| = |V2| = · · · = |Vr | = n. Clearly, if Kn,...,n is a complete balanced r-partite
graph with n vertices in each part, then ∆(Kn,...,n) = (r − 1)n. Note that the
complete graph Kn and the complete balanced bipartite graph Kn,n are special
cases of the complete balanced r-partite graph. The total chromatic numbers of
complete and complete bipartite graphs were determined by Behzad, Chartrand
and Cooper [3]. They proved the following theorems:
Theorem 1 For any n ∈ N, we have
χ′′(Kn) =
{
n, if n is odd,
n+ 1, if n is even.
Theorem 2 For any m,n ∈ N, we have
χ′′(Km,n) =
{
max{m,n}+ 1, if m 6= n,
n+ 2, if m = n.
A more general result on total chromatic numbers of complete balanced
multipartite graphs was obtained by Bermond [4].
Theorem 3 For any complete balanced r-partite graph Kn,...,n (r ≥ 2, n ∈ N),
we have
χ′′(Kn,...,n) =
{
(r − 1)n+ 2, if r = 2 or r is even and n is odd,
(r − 1)n+ 1, otherwise.
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An interval total t-coloring of a graph G is a total coloring α of G with colors
1, . . . , t such that all colors are used, and for any v ∈ V (G), the set S [v, α] is
an interval of integers. A graph G is interval total colorable if it has an interval
total t-coloring for some positive integer t. The set of all interval total colorable
graphs is denoted by T . For a graph G ∈ T , the least (the minimum span) and
the greatest (the maximum span) values of t for which G has an interval total
t-coloring are denoted by wτ (G) and Wτ (G), respectively. Clearly,
χ′′ (G) ≤ wτ (G) ≤Wτ (G) ≤ |V (G)|+ |E(G)| for every graph G ∈ T .
The concept of interval total coloring was introduced by the first author [5].
In [5, 6], the author proved that if m+ n+2− gcd(m,n) ≤ t ≤ m+n+1, then
the complete bipartite graph Km,n has an interval total t-coloring. Later, the
first author and Torosyan [18] obtained the following results:
Theorem 4 For any m,n ∈ N, we have
Wτ (Km,n) =
{
m+ n+ 1, if m = n = 1,
m+ n+ 2, otherwise.
Theorem 5 For any n ∈ N, we have
(1) Kn,n ∈ T ,
(2) wτ (Kn,n) = χ
′′(Kn,n) = n+ 2,
(3) Wτ (Kn,n) =
{
2n+ 1, if n = 1,
2n+ 2, if n ≥ 2,
(4) if wτ (Kn,n) ≤ t ≤Wτ (Kn,n), then Kn,n has an interval total t-coloring.
In [6], the first author investigated interval total colorings of complete graphs
and hypercubes, where he proved the following two theorems:
Theorem 6 For any n ∈ N, we have
(1) Kn ∈ T ,
(2) wτ (Kn) =
{
n, if n is odd,
3
2n, if n is even,
(3) Wτ (Kn) = 2n− 1.
Theorem 7 For any n ∈ N, we have
(1) Qn ∈ T ,
(2) wτ (Qn) = χ
′′(Qn) =
{
n+ 2, if n ≤ 2,
n+ 1, if n ≥ 3,
3
(3) Wτ (Qn) ≥
(n+1)(n+2)
2 ,
(4) if wτ (Qn) ≤ t ≤
(n+1)(n+2)
2 , then Qn has an interval total t-coloring.
Later, the first author and Torosyan [18] showed that if wτ (Kn) ≤ t ≤
Wτ (Kn), then the complete graph Kn has an interval total t-coloring. In [13],
the first author and Shashikyan proved that trees have an interval total col-
oring. In [14, 15, 16], they investigated interval total colorings of bipartite
graphs. In particular, they proved that regular bipartite graphs, subcubic bi-
partite graphs, doubly convex bipartite graphs, (2, b)-biregular bipartite graphs
and some classes of bipartite graphs with maximum degree 4 have interval to-
tal colorings. They also showed that there are bipartite graphs that have no
interval total coloring. The smallest known bipartite graph with 26 vertices
and maximum degree 18 that is not interval total colorable was obtained by
Shashikyan [19].
One of the less-investigated problems related to interval total colorings is a
problem of determining the exact values of the minimum and the maximum span
in interval total colorings of graphs. The exact values of these parameters are
known only for paths, cycles, trees [13, 14], wheels [10], complete and complete
balanced bipartite graphs [5, 6, 18]. In some papers [8, 11, 12, 17] lower and
upper bounds are found for the minimum and the maximum span in interval
total colorings of certain graphs.
In this paper we prove that all complete balanced multipartite graphs are in-
terval total colorable and we derive some bounds for the minimum and the max-
imum span in interval total colorings of these graphs. Next, we investigate in-
terval total colorings of hypercubes Qn and we show that Wτ (Qn) =
(n+1)(n+2)
2
for any n ∈ N.
2 Interval total colorings of complete multipar-
tite graphs
We first consider interval total colorings of complete bipartite graphs. It
is known that Km,n ∈ T and wτ (Km,n) ≤ m + n + 2 − gcd(m,n) for any
m,n ∈ N, but in general the exact value of wτ (Km,n) is unknown. Our first
result generalizes the point (2) of Theorem 5.
Theorem 8 For any n, l ∈ N, we have wτ (Kn,n·l) = χ′′(Kn,n·l).
Proof. First of all let us consider the case l = 1. By Theorem 5, we obtain
wτ (Kn,n) = χ
′′(Kn,n) = n+ 2 for any n ∈ N.
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Now we assume that l ≥ 2.
Let V (Kn,n·l) = {u1, . . . , un, v1, . . . , vn·l} and E (Kn,n·l) = {uivj | 1 ≤ i ≤
n, 1 ≤ j ≤ n · l}. Also, let G = Kn,n·l [{u1, . . . , un, v1, . . . , vn}]. Clearly, G is
isomorphic to the graph Kn,n.
Now we define an edge-coloring α of G as follows: for 1 ≤ i ≤ n and
1 ≤ j ≤ n, let
α (uivj) =
{
i+ j − 1 (mod n), if i+ j 6= n+ 1,
n, if i+ j = n+ 1.
It is easy to see that α is a proper edge-coloring of G and S(ui, α) =
S(vi, α) = [1, n] for 1 ≤ i ≤ n.
Next we construct an interval total (n · l + 1)-coloring of Kn,n·l. Before we
give the explicit definition of the coloring, we need two auxiliary functions. For
i ∈ N, we define a function f1(i) as follows: f1(i) = 1 + (i − 1) (mod n). For
j ∈ N, we define a function f2(j) as follows: f2(j) =
⌊
j−1
n
⌋
.
Now we able to define a total coloring β of Kn,n·l.
For 1 ≤ i ≤ n, let
β(ui) = n · l + 1.
For 1 ≤ j ≤ n · l, let
β(vj) =
{
n+ 1, if 1 ≤ j ≤ n,
n · f2(j), if n+ 1 ≤ j ≤ n · l.
For 1 ≤ i ≤ n and 1 ≤ j ≤ n · l, let
β(uivj) = α
(
uf1(i)vf1(j)
)
+ n · f2(j).
Let us prove that β is an interval total (n · l+ 1)-coloring of Kn,n·l.
By the definition of β and taking into account that S(ui, α) = S(vi, α) =
[1, n] for 1 ≤ i ≤ n, we have
S[ui, β] = S(ui, β) ∪ {β(ui)} =
(⋃l
k=1 S
(
uf1(i), α
)
⊕ n(k − 1)
)
∪ {β(ui)} =
= [1, n · l] ∪ {n · l+ 1} = [1, n · l + 1] for 1 ≤ i ≤ n,
S[vj , β] = S(vj , α) ∪ {β(vj)} = [1, n] ∪ {n+ 1} = [1, n+ 1] for 1 ≤ j ≤ n, and
S[vj , β] = S(vj , β) ∪ {β(vj)} =
(
S
(
vf1(j), α
)
⊕ n · f2(j)
)
∪ {β(vj)} =
= [1 + n · f2(j), n+ n · f2(j)] ∪ {n · f2(j)} = [n · f2(j), n+ n · f2(j)] for
n+ 1 ≤ j ≤ n · l.
This shows that β is an interval total (n · l + 1)-coloring of Kn,n·l. Thus,
wτ (Kn,n·l) ≤ n · l + 1. On the other hand, by Theorem 2, wτ (Kn,n·l) ≥
χ′′(Kn,n·l) = n · l + 1 for l ≥ 2 and hence wτ (Kn,n·l) = χ′′(Kn,n·l). 
Next, we show that the difference between wτ (Km,n) and χ
′′(Km,n) for some
m and n can be arbitrary large.
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Theorem 9 For any l ∈ N, there exists a graph G such that G ∈ T and
wτ (G)− χ′′(G) ≥ l.
Proof. Let n = l + 3. Clearly, n ≥ 4. Consider the complete bipartite graph
Kn+l,2n with bipartition (X,Y ), where |X | = n+ l and |Y | = 2n. By Theorem
2, we have χ′′(Kn+l,2n) = 2n+ 1.
By Theorem 4, we have Kn+l,2n ∈ T . We now show that wτ (Kn+l,2n) ≥
2n+ 1 + l.
Suppose, to the contrary, that Kn+l,2n has an interval total t-coloring α,
where 2n+ 1 ≤ t ≤ 2n+ l.
Let us consider S[v, α] for any v ∈ V (Kn+l,2n). It is easy to see that [t −
n − l, n + l + 1] ⊆ S[v, α] for any v ∈ V (Kn+l,2n). Since t ≤ 2n + l, we have
[n, n + l + 1] ⊆ S[v, α] for any v ∈ V (Kn+l,2n). This implies that for each
c ∈ [n, n+ l+ 1], there are n− l vertices in Y colored by c. On the other hand,
since |Y | = 2n, we have 2n ≥ (l + 2)(n − l), which contradicts the equality
n = l + 3.
This shows that wτ (Kn+l,2n) ≥ 2n + 1 + l. We take G = Kn+l,2n. Hence,
wτ (G)− χ′′(G) ≥ l. 
Now we consider interval total colorings of complete r-partite graphs with n
vertices in each part.
Theorem 10 If r = 2 or r is even and n is odd, then Kn,...,n ∈ T and
wτ (Kn,...,n) ≤
(
3
2r − 2
)
n+ 2.
Proof. First let us note that the theorem is true for the case r = 2, since
wτ (Kn,n) = χ
′′(Kn,n) = n+ 2 for any n ∈ N, by Theorem 5.
Now we assume that r is even and n is odd. Clearly, for the proof of the
theorem, it suffices to prove that Kn,...,n has an interval total
((
3
2r − 2
)
n+ 2
)
-
coloring.
Let V (Kn,...,n) =
{
v
(i)
j | 1 ≤ i ≤ r, 1 ≤ j ≤ n
}
and
E(Kn,...,n) =
{
v
(i)
p v
(j)
q | 1 ≤ i < j ≤ r, 1 ≤ p ≤ n, 1 ≤ q ≤ n
}
.
Define a total coloring α of Kn,...,n. First we color the vertices of the graph
as follows:
α
(
v
(1)
j
)
= 1 for 1 ≤ j ≤ n and α
(
v
(2)
j
)
= (r − 1)n+ 2 for 1 ≤ j ≤ n,
α
(
v
(i+1)
j
)
= (i − 1)n+ 1 for 2 ≤ i ≤ r2 − 1 and 1 ≤ j ≤ n,
α
(
v
( r
2
+i−1)
j
)
= (r + i− 2)n+ 2 for 2 ≤ i ≤ r2 − 1 and 1 ≤ j ≤ n,
α
(
v
(r−1)
j
)
=
(
r
2 − 1
)
n+ 1 for 1 ≤ j ≤ n and α
(
v
(r)
j
)
=
(
3
2r − 2
)
n+ 2 for
1 ≤ j ≤ n.
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Next we color the edges of the graph. For each edge v
(i)
p v
(j)
q ∈ E(Kn,...,n)
with 1 ≤ i < j ≤ r and p = 1, . . . , n, q = 1, . . . , n, define a color α
(
v
(i)
p v
(j)
q
)
as
follows:
for i = 1, . . . ,
⌊
r
4
⌋
, j = 2, . . . , r2 , i+ j ≤
r
2 + 1, let
α
(
v
(i)
p v
(j)
q
)
= (i+ j − 3)n+
{
1 + (p+ q − 1) (mod n), if p+ q 6= n+ 1,
n+ 1, if p+ q = n+ 1;
for i = 2, . . . , r2 − 1, j =
⌊
r
4
⌋
+ 2, . . . , r2 , i+ j ≥
r
2 + 2, let
α
(
v
(i)
p v
(j)
q
)
=
(
i+ j + r2 − 4
)
n+
{
1 + (p+ q − 1) (mod n), if p+ q 6= n+ 1,
n+ 1, if p+ q = n+ 1;
for i = 3, . . . , r2 , j =
r
2 + 1, . . . , r − 2, j − i ≤
r
2 − 2, let
α
(
v
(i)
p v
(j)
q
)
=
(
r
2 + j − i− 1
)
n+
{
1 + (p+ q − 1) (mod n), if p+ q 6= n+ 1,
n+ 1, if p+ q = n+ 1;
for i = 1, . . . , r2 , j =
r
2 + 1, . . . , r, j − i ≥
r
2 , let
α
(
v
(i)
p v
(j)
q
)
= (j − i − 1)n+
{
1 + (p+ q − 1) (mod n), if p+ q 6= n+ 1,
n+ 1, if p+ q = n+ 1;
for i = 2, . . . , 1 +
⌊
r−2
4
⌋
, j = r2 + 1, . . . ,
r
2 +
⌊
r−2
4
⌋
, j − i = r2 − 1, let
α
(
v
(i)
p v
(j)
q
)
= (2i− 3)n+
{
1 + (p+ q − 1) (mod n), if p+ q 6= n+ 1,
n+ 1, if p+ q = n+ 1;
for i =
⌊
r−2
4
⌋
+ 2, . . . , r2 , j =
r
2 + 1 +
⌊
r−2
4
⌋
, . . . , r − 1, j − i = r2 − 1, let
α
(
v
(i)
p v
(j)
q
)
= (i+ j − 3)n+
{
1 + (p+ q − 1) (mod n), if p+ q 6= n+ 1,
n+ 1, if p+ q = n+ 1;
for i = r2 + 1, . . . ,
r
2 +
⌊
r
4
⌋
− 1, j = r2 + 2, . . . , r − 2, i+ j ≤
3
2r − 1, let
α
(
v
(i)
p v
(j)
q
)
=
(i + j − r − 1)n+
{
1 + (p+ q − 1) (mod n), if p+ q 6= n+ 1,
n+ 1, if p+ q = n+ 1;
for i = r2 + 1, . . . , r − 1, j =
r
2 +
⌊
r
4
⌋
+ 1, . . . , r, i+ j ≥ 32r, let
α
(
v
(i)
p v
(j)
q
)
=
(
i+ j − r2 − 2
)
n+
{
1 + (p+ q − 1) (mod n), if p+ q 6= n+ 1,
n+ 1, if p+ q = n+ 1.
Let us prove that α is an interval total
((
3
2r − 2
)
n+ 2
)
-coloring of Kn,...,n.
First we show that for each c ∈
[
1,
(
3
2r − 2
)
n+ 2
]
, there is ve ∈ V E(Kn,...,n)
with α(ve) = c.
Consider the vertices v
(1)
1 and v
(r)
1 . By the definition of α, we have
S
[
v
(1)
1 , α
]
= S
(
v
(1)
1 , α
)
∪
{
α
(
v
(1)
1
)}
=
(⋃r−1
l=1 ([2, n+ 1]⊕ (l − 1)n)
)
∪ {1} =
= [2, (r − 1)n+ 1] ∪ {1} = [1, (r − 1)n+ 1] and
S
[
v
(r)
1 , α
]
= S
(
v
(r)
1 , α
)
∪
{
α
(
v
(r)
1
)}
=(⋃ 3
2
r−2
l= r
2
([2, n+ 1]⊕ (l − 1)n)
)
∪
{(
3
2r − 2
)
n+ 2
}
=
=
[(
r
2 − 1
)
n+ 2,
(
3
2r − 2
)
n+ 1
]
∪
{(
3
2r − 2
)
n+ 2
}
=[(
r
2 − 1
)
n+ 2,
(
3
2r − 2
)
n+ 2
]
.
It is straightforward to check that S
[
v
(1)
1 , α
]
∪S
[
v
(r)
1 , α
]
=
[
1,
(
3
2r − 2
)
n+ 2
]
,
so for each c ∈
[
1,
(
3
2r − 2
)
n+ 2
]
, there is ve ∈ V E(Kn,...,n) with α(ve) = c.
Next we show that the edges incident to each vertex of Kn,...,n together with
this vertex are colored by (r − 1)n+ 1 consecutive colors.
Let v
(i)
j ∈ V (Kn,...,n), where 1 ≤ i ≤ r, 1 ≤ j ≤ n.
Case 1. 1 ≤ i ≤ 2, 1 ≤ j ≤ n.
By the definition of α, we have
S
[
v
(1)
j , α
]
= S
(
v
(1)
j , α
)
∪
{
α
(
v
(1)
j
)}
=
(⋃r−1
l=1 ([2, n+ 1]⊕ (l − 1)n)
)
∪ {1} =
= [2, (r − 1)n+ 1] ∪ {1} = [1, (r − 1)n+ 1] and
S
[
v
(2)
j , α
]
= S
(
v
(2)
j , α
)
∪
{
α
(
v
(2)
j
)}
=(⋃r−1
l=1 ([2, n+ 1]⊕ (l − 1)n)
)
∪ {(r − 1)n+ 2} =
= [2, (r − 1)n+ 1] ∪ {(r − 1)n+ 2} = [2, (r − 1)n+ 2].
Case 2. 3 ≤ i ≤ r2 , 1 ≤ j ≤ n.
By the definition of α, we have
S
[
v
(i)
j , α
]
= S
(
v
(i)
j , α
)
∪
{
α
(
v
(i)
j
)}
=(⋃r−3+i
l=i−1 ([2, n+ 1]⊕ (l − 1)n)
)
∪ {(i− 2)n+ 1} =
= [(i − 2)n+ 2, (r − 3 + i)n+ 1]∪{(i−2)n+1} = [(i−2)n+1, (r−3+ i)n+1].
Case 3. r2 + 1 ≤ i ≤ r − 2, 1 ≤ j ≤ n.
By the definition of α, we have
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S
[
v
(i)
j , α
]
= S
(
v
(i)
j , α
)
∪
{
α
(
v
(i)
j
)}
=
(⋃ r
2
−1+i
l=i− r
2
+1 ([2, n+ 1]⊕ (l − 1)n)
)
∪{(
r
2 + i− 1
)
n+ 2
}
=
[(
i− r2
)
n+ 2,
(
r
2 + i− 1
)
n+ 1
]
∪
{(
r
2 + i− 1
)
n+ 2
}
=[(
i− r2
)
n+ 2,
(
r
2 + i− 1
)
n+ 2
]
.
Case 4. r − 1 ≤ i ≤ r, 1 ≤ j ≤ n.
By the definition of α, we have
S
[
v
(r−1)
j , α
]
= S
(
v
(r−1)
j , α
)
∪
{
α
(
v
(r−1)
j
)}
=(⋃ 3
2
r−2
l= r
2
([2, n+ 1]⊕ (l − 1)n)
)
∪
{(
r
2 − 1
)
n+ 1
}
=[(
r
2 − 1
)
n+ 2,
(
3
2r − 2
)
n+ 1
]
∪
{(
r
2 − 1
)
n+ 1
}
=[(
r
2 − 1
)
n+ 1,
(
3
2r − 2
)
n+ 1
]
and
S
[
v
(r)
j , α
]
= S
(
v
(r)
j , α
)
∪
{
α
(
v
(r)
j
)}
=
(⋃ 3
2
r−2
l= r
2
([2, n+ 1]⊕ (l − 1)n)
)
∪{(
3
2r − 2
)
n+ 2
}
=
[(
r
2 − 1
)
n+ 2,
(
3
2r − 2
)
n+ 1
]
∪
{(
3
2r − 2
)
n+ 2
}
=[(
r
2 − 1
)
n+ 2,
(
3
2r − 2
)
n+ 2
]
.
This shows that α is an interval total
((
3
2r − 2
)
n+ 2
)
-coloring of Kn,...,n;
thus Kn,...,n ∈ T and wτ (Kn,...,n) ≤
(
3
2r − 2
)
n+ 2. 
Note that the upper bound in Theorem 10 is sharp when r = 2 or n = 1.
Also, by Theorem 10, we have that if r = 2 or r is even and n is odd, then
Kn,...,n ∈ T ; otherwise, by Theorem 3 and taking into account that Kn,...,n is
an (r−1)n-regular graph, we haveKn,...,n ∈ T and wτ (Kn,...,n) = χ
′′(Kn,...,n) =
(r − 1)n+ 1. Our next result gives a lower bound for Wτ (Kn,...,n) when n · r is
even.
Theorem 11 If r ≥ 2, n ∈ N and n·r is even, thenWτ (Kn,...,n) ≥
(
3
2r − 1
)
n+
1.
Proof. We distinguish our proof into two cases.
Case 1: r is even.
Let V (Kn,...,n) =
{
v
(i)
j | 1 ≤ i ≤ r, 1 ≤ j ≤ n
}
and
E(Kn,...,n) =
{
v
(i)
p v
(j)
q | 1 ≤ i < j ≤ r, 1 ≤ p ≤ n, 1 ≤ q ≤ n
}
.
Define a total coloring α of Kn,...,n. First we color the vertices of the graph
as follows:
α
(
v
(1)
j
)
= j for 1 ≤ j ≤ n and α
(
v
(2)
j
)
= (r − 1)n+ 1 + j for 1 ≤ j ≤ n,
α
(
v
(i+1)
j
)
= (i− 1)n+ j for 2 ≤ i ≤ r2 − 1 and 1 ≤ j ≤ n,
α
(
v
( r
2
+i−1)
j
)
= (r + i− 2)n+ 1 + j for 2 ≤ i ≤ r2 − 1 and 1 ≤ j ≤ n,
α
(
v
(r−1)
j
)
=
(
r
2 − 1
)
n+ j for 1 ≤ j ≤ n and α
(
v
(r)
j
)
=
(
3
2r − 2
)
n+ 1 + j for
1 ≤ j ≤ n.
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Next we color the edges of the graph. For each edge v
(i)
p v
(j)
q ∈ E(Kn,...,n)
with 1 ≤ i < j ≤ r and p = 1, . . . , n, q = 1, . . . , n, define a color α
(
v
(i)
p v
(j)
q
)
as
follows:
for i = 1, . . . ,
⌊
r
4
⌋
, j = 2, . . . , r2 , i+ j ≤
r
2 + 1, let
α
(
v
(i)
p v
(j)
q
)
= (i+ j − 3)n+ p+ q;
for i = 2, . . . , r2 − 1, j =
⌊
r
4
⌋
+ 2, . . . , r2 , i+ j ≥
r
2 + 2, let
α
(
v
(i)
p v
(j)
q
)
=
(
i+ j + r2 − 4
)
n+ p+ q;
for i = 3, . . . , r2 , j =
r
2 + 1, . . . , r − 2, j − i ≤
r
2 − 2, let
α
(
v
(i)
p v
(j)
q
)
=
(
r
2 + j − i− 1
)
n+ p+ q;
for i = 1, . . . , r2 , j =
r
2 + 1, . . . , r, j − i ≥
r
2 , let
α
(
v
(i)
p v
(j)
q
)
= (j − i− 1)n+ p+ q;
for i = 2, . . . , 1 +
⌊
r−2
4
⌋
, j = r2 + 1, . . . ,
r
2 +
⌊
r−2
4
⌋
, j − i = r2 − 1, let
α
(
v
(i)
p v
(j)
q
)
= (2i− 3)n+ p+ q;
for i =
⌊
r−2
4
⌋
+ 2, . . . , r2 , j =
r
2 + 1 +
⌊
r−2
4
⌋
, . . . , r − 1, j − i = r2 − 1, let
α
(
v
(i)
p v
(j)
q
)
= (i+ j − 3)n+ p+ q;
for i = r2 + 1, . . . ,
r
2 +
⌊
r
4
⌋
− 1, j = r2 + 2, . . . , r − 2, i+ j ≤
3
2r − 1, let
α
(
v
(i)
p v
(j)
q
)
= (i + j − r − 1)n+ p+ q;
for i = r2 + 1, . . . , r − 1, j =
r
2 +
⌊
r
4
⌋
+ 1, . . . , r, i+ j ≥ 32r, let
α
(
v
(i)
p v
(j)
q
)
=
(
i+ j − r2 − 2
)
n+ p+ q.
Let us prove that α is an interval total
((
3
2r − 1
)
n+ 1
)
-coloring of Kn,...,n.
First we show that for each c ∈
[
1,
(
3
2r − 1
)
n+ 1
]
, there is ve ∈ V E(Kn,...,n)
with α(ve) = c.
Consider the vertices v
(1)
1 , . . . , v
(1)
n and v
(r)
1 , . . . , v
(r)
n . By the definition of α,
for 1 ≤ j ≤ n, we have
10
S
[
v
(1)
j , α
]
= S
(
v
(1)
j , α
)
∪
{
α
(
v
(1)
j
)}
=(⋃r−1
l=1 ([j + 1, j + n]⊕ (l − 1)n)
)
∪ {j} =
= [j + 1, (r − 1)n+ j] ∪ {j} = [j, (r − 1)n+ j] and
S
[
v
(r)
j , α
]
= S
(
v
(r)
j , α
)
∪
{
α
(
v
(r)
j
)}
=
=
(⋃ 3
2
r−2
l= r
2
([j + 1, j + n]⊕ (l − 1)n)
)
∪
{(
3
2r − 2
)
n+ 1 + j
}
=
=
[(
r
2 − 1
)
n+ 1 + j,
(
3
2r − 2
)
n+ j
]
∪
{(
3
2r − 2
)
n+ 1 + j
}
=
=
[(
r
2 − 1
)
n+ 1 + j,
(
3
2r − 2
)
n+ 1 + j
]
.
Let C =
⋃n
j=1 S
[
v
(1)
j , α
]
and C =
⋃n
j=1 S
[
v
(r)
j , α
]
. It is straightforward to
check that C∪C =
[
1,
(
3
2r − 1
)
n+ 1
]
, so for each c ∈
[
1,
(
3
2k − 1
)
n+ 1
]
, there
is ve ∈ V E(Kn,...,n) with α(ve) = c.
Next we show that the edges incident to each vertex of Kn,...,n together with
this vertex are colored by (r − 1)n+ 1 consecutive colors.
Let v
(i)
j ∈ V (Kn,...,n), where 1 ≤ i ≤ r, 1 ≤ j ≤ n.
Subcase 1.1. 1 ≤ i ≤ 2, 1 ≤ j ≤ n.
By the definition of α, we have
S
[
v
(1)
j , α
]
= S
(
v
(1)
j , α
)
∪
{
α
(
v
(1)
j
)}
=(⋃r−1
l=1 ([j + 1, j + n]⊕ (l − 1)n)
)
∪ {j} =
= [j + 1, (r − 1)n+ j] ∪ {j} = [j, (r − 1)n+ j] and
S
[
v
(2)
j , α
]
= S
(
v
(2)
j , α
)
∪
{
α
(
v
(2)
j
)}
=(⋃r−1
l=1 ([j + 1, j + n]⊕ (l − 1)n)
)
∪ {(r − 1)n+ 1 + j} =
= [j + 1, (r − 1)n+ 1 + j].
Subcase 1.2. 3 ≤ i ≤ r2 , 1 ≤ j ≤ n.
By the definition of α, we have
S
[
v
(i)
j , α
]
= S
(
v
(i)
j , α
)
∪
{
α
(
v
(i)
j
)}
=(⋃r−3+i
l=i−1 ([j + 1, j + n]⊕ (l − 1)n)
)
∪ {(i− 2)n+ j} =
= [(i − 2)n+ 1 + j, (r − 3 + i)n+ j]∪{(i−2)n+j} = [(i−2)n+j, (r−3+i)n+j].
Subcase 1.3. r2 + 1 ≤ i ≤ r − 2, 1 ≤ j ≤ n.
By the definition of α, we have
S
[
v
(i)
j , α
]
= S
(
v
(i)
j , α
)
∪
{
α
(
v
(i)
j
)}
=
=
(⋃ r
2
−1+i
l=i− r
2
+1 ([j + 1, j + n]⊕ (l − 1)n)
)
∪
{(
r
2 + i− 1
)
n+ 1 + j
}
=
=
[(
i− r2
)
n+ 1 + j,
(
r
2 + i− 1
)
n+ j
]
∪
{(
r
2 + i− 1
)
n+ 1 + j
}
=[(
i − r2
)
n+ 1 + j,
(
r
2 + i− 1
)
n+ 1 + j
]
.
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Subcase 1.4. r − 1 ≤ i ≤ r, 1 ≤ j ≤ n.
By the definition of α, we have
S
[
v
(r−1)
j , α
]
= S
(
v
(r−1)
j , α
)
∪
{
α
(
v
(r−1)
j
)}
=(⋃ 3
2
r−2
l= r
2
([j + 1, j + n]⊕ (l − 1)n)
)
∪
{(
r
2 − 1
)
n+ j
}
=[(
r
2 − 1
)
n+ 1 + j,
(
3
2r − 2
)
n+ j
]
∪
{(
r
2 − 1
)
n+ j
}
=[(
r
2 − 1
)
n+ j,
(
3
2r − 2
)
n+ j
]
and
S
[
v
(r)
j , α
]
= S
(
v
(r)
j , α
)
∪
{
α
(
v
(r)
j
)}
=(⋃ 3
2
r−2
l= r
2
([j + 1, j + n]⊕ (l − 1)n)
)
∪
{(
3
2r − 2
)
n+ 1 + j
}
=[(
r
2 − 1
)
n+ 1 + j,
(
3
2r − 2
)
n+ j
]
∪
{(
3
2r − 2
)
n+ 1 + j
}
=[(
r
2 − 1
)
n+ 1 + j,
(
3
2r − 2
)
n+ 1 + j
]
.
This shows that α is an interval total
((
3
2r − 1
)
n+ 1
)
-coloring of Kn,...,n;
thus Wτ (Kn,...,n) ≥
(
3
2r − 1
)
n+ 1 for even r ≥ 2.
Case 2: n is even.
Let n = 2m, m ∈ N. Let Si =
{
u
(i)
1 , . . . , u
(i)
m , u
(r+i)
1 , . . . , u
(r+i)
m
}
(1 ≤ i ≤ r)
be the r independent sets of vertices of Kn,...,n. For i = 1, . . . , 2r, define the
set Ui as follows: Ui =
{
u
(i)
1 , . . . , u
(i)
m
}
. Clearly, V (Kn,...,n) =
⋃2r
i=1 Ui. For
1 ≤ i < j ≤ 2r, define (Ui, Uj) as the set of all edges between Ui and Uj . It is
easy to see that for 1 ≤ i < j ≤ 2r, |(Ui, Uj)| = m2 except for |(Ui, Ur+i)| = 0
whenever i = 1, . . . , r. If we consider the sets Ui as the vertices and the sets
(Ui, Uj) as the edges, then we obtain that Kn,...,n is isomorphic to the graph
K2r − F , where F is a perfect matching of K2r. Now we define a total coloring
β of the graph Kn,...,n. First we color the vertices of the graph as follows:
β
(
u
(1)
j
)
= j for 1 ≤ j ≤ m and β
(
u
(2)
j
)
= (2r − 2)m+ 1 + j for 1 ≤ j ≤ m,
β
(
u
(i+1)
j
)
= (i − 1)m+ j for 2 ≤ i ≤ r − 1 and 1 ≤ j ≤ m,
β
(
u
(r+i−1)
j
)
= (2r + i− 3)m+ 1 + j for 2 ≤ i ≤ r − 1 and 1 ≤ j ≤ m,
β
(
u
(2r−1)
j
)
= (r − 1)m+ j for 1 ≤ j ≤ m and β
(
u
(2r)
j
)
= (3r − 3)m+ 1 + j
for 1 ≤ j ≤ m.
Next we color the edges of the graph. For each edge u
(i)
p u
(j)
q ∈ E(Kn,...,n)
with 1 ≤ i < j ≤ 2r and p = 1, . . . ,m, q = 1, . . . ,m, define a color β
(
u
(i)
p u
(j)
q
)
as follows:
for i = 1, . . . ,
⌊
r
2
⌋
, j = 2, . . . , r, i+ j ≤ r + 1, let
β
(
u
(i)
p u
(j)
q
)
= (i+ j − 3)m+ p+ q;
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for i = 2, . . . , r − 1, j =
⌊
r
2
⌋
+ 2, . . . , r, i+ j ≥ r + 2, let
β
(
u
(i)
p u
(j)
q
)
= (i+ j + r − 5)m+ p+ q;
for i = 3, . . . , r, j = r + 1, . . . , 2r − 2, j − i ≤ r − 2, let
β
(
u
(i)
p u
(j)
q
)
= (r + j − i− 2)m+ p+ q;
for i = 1, . . . , r − 1, j = r + 2, . . . , 2r, j − i ≥ r + 1, let
β
(
u
(i)
p u
(j)
q
)
= (j − i− 2)m+ p+ q;
for i = 2, . . . , 1 +
⌊
r−1
2
⌋
, j = r + 1, . . . , r +
⌊
r−1
2
⌋
, j − i = r − 1, let
β
(
u
(i)
p u
(j)
q
)
= (2i− 3)m+ p+ q;
for i =
⌊
r−1
2
⌋
+ 2, . . . , r, j = r + 1 +
⌊
r−1
2
⌋
, . . . , 2r − 1, j − i = r − 1, let
β
(
u
(i)
p u
(j)
q
)
= (i+ j − 4)m+ p+ q;
for i = r + 1, . . . , r +
⌊
r
2
⌋
− 1, j = r + 2, . . . , 2r − 2, i+ j ≤ 3r − 1, let
β
(
u
(i)
p u
(j)
q
)
= (i + j − 2r − 1)m+ p+ q;
for i = r + 1, . . . , 2r − 1, j = r +
⌊
r
2
⌋
+ 1, . . . , 2r, i+ j ≥ 3r, let
β
(
u
(i)
p u
(j)
q
)
= (i+ j − r − 3)m+ p+ q.
Let us prove that β is an interval total
((
3
2r − 1
)
n+ 1
)
-coloring of the graph
Kn,...,n.
First we show that for each c ∈
[
1,
(
3
2r − 1
)
n+ 1
]
, there is ve ∈ V E(Kn,...,n)
with β(ve) = c.
Consider the vertices u
(1)
1 , . . . , u
(1)
m and u
(2r)
1 , . . . , u
(2r)
m . By the definition of
β, for 1 ≤ j ≤ m, we have
S
[
u
(1)
j , β
]
= S
(
u
(1)
j , β
)
∪
{
β
(
u
(1)
j
)}
=
(⋃2r−2
l=1 ([j + 1, j +m]⊕ (l − 1)m)
)
∪
{j} = [j + 1, (2r − 2)m+ j] ∪ {j} = [j, (2r − 2)m+ j] and
S
[
u
(2r)
j , β
]
= S
(
u
(2r)
j , β
)
∪
{
β
(
u
(2r)
j
)}
=(⋃3r−3
l=r ([j + 1, j +m]⊕ (l − 1)m)
)
∪ {(3r − 3)m+ 1 + j} = [(r − 1)m+ 1+
j, (3r − 3)m+ j] ∪ {(3r − 3)m+ 1+ j} = [(r − 1)m+ 1+ j, (3r − 3)m+ 1+ j].
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Let C˜ =
⋃m
j=1 S
[
u
(1)
j , β
]
and ˜˜C =
⋃m
j=1 S
[
u
(2r)
j , β
]
. It is straightforward
to check that C˜ ∪ ˜˜C =
[
1,
(
3
2r − 1
)
n+ 1
]
, so for each c ∈
[
1,
(
3
2r − 1
)
n+ 1
]
,
there is ve ∈ V E(Kn,...,n) with β(ve) = c.
Next we show that the edges incident to each vertex of Kn,...,n together with
this vertex are colored by (r − 1)n+ 1 consecutive colors.
Let v
(i)
j ∈ V (Kn,...,n), where 1 ≤ i ≤ 2r, 1 ≤ j ≤ m.
Subcase 2.1. 1 ≤ i ≤ 2, 1 ≤ j ≤ m.
By the definition of β, we have
S
[
v
(1)
j , β
]
= S
(
u
(1)
j , β
)
∪
{
β
(
u
(1)
j
)}
=
(⋃2r−2
l=1 ([j + 1, j +m]⊕ (l − 1)m)
)
∪
{j} = [j + 1, (2r − 2)m+ j] ∪ {j} = [j, (2r − 2)m+ j] and
S
[
u
(2)
j , β
]
= S
(
u
(2)
j , β
)
∪
{
β
(
u
(2)
j
)}
=(⋃2r−2
l=1 ([j + 1, j +m]⊕ (l − 1)m)
)
∪ {(2r − 2)m+ 1 + j} =
[j + 1, (2r − 2)m+ j] ∪ {(2r − 2)m+ 1 + j} = [j + 1, (2r − 2)m+ 1 + j].
Subcase 2.2. 3 ≤ i ≤ r, 1 ≤ j ≤ m.
By the definition of β, we have
S
[
u
(i)
j , β
]
= S
(
u
(i)
j , β
)
∪
{
β
(
u
(i)
j
)}
=
(⋃2r−4+i
l=i−1 ([j + 1, j +m]⊕ (l − 1)m)
)
∪
{(i− 2)m+ j} = [(i− 2)m+ 1 + j, (2r − 4 + i)m+ j] ∪ {(i− 2)m+ j} =
[(i − 2)m+ j, (2r − 4 + i)m+ j].
Subcase 2.3. r + 1 ≤ i ≤ 2r − 2, 1 ≤ j ≤ m.
By the definition of β, we have
S
[
u
(i)
j , β
]
= S
(
u
(i)
j , β
)
∪
{
β
(
u
(i)
j
)}
=(⋃r−2+i
l=i−r+1 ([j + 1, j +m]⊕ (l − 1)m)
)
∪ {(r + i− 2)m+ 1 + j} =
[(i− r)m+ 1+ j, (r + i− 2)m+ j] ∪ {(r + i− 2)m+ 1 + j} =
[(i− r)m + 1 + j, (r + i− 2)m+ 1 + j].
Subcase 2.4. 2r − 1 ≤ i ≤ 2r, 1 ≤ j ≤ m.
By the definition of β, we have
S
[
u
(2r−1)
j , β
]
= S
(
u
(2r−1)
j , β
)
∪
{
β
(
u
(2r−1)
j
)}
=(⋃3r−3
l=r ([j + 1, j +m]⊕ (l − 1)m)
)
∪ {(r − 1)m+ j} =
[(r− 1)m+1+ j, (3r− 3)m+ j]∪{(r− 1)m+ j} = [(r− 1)m+ j, (3r− 3)m+ j]
and S
[
u
(2r)
j , β
]
= S
(
u
(2r)
j , β
)
∪
{
β
(
u
(2r)
j
)}
=(⋃3r−3
l=r ([j + 1, j +m]⊕ (l − 1)m)
)
∪ {(3r − 3)m+ 1 + j} = [(r − 1)m+ 1+
j, (3r − 3)m+ j] ∪ {(3r − 3)m+ 1+ j} = [(r − 1)m+ 1+ j, (3r − 3)m+ 1+ j].
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This shows that β is an interval total
((
3
2r − 1
)
n+ 1
)
-coloring of Kn,...,n;
thus Wτ (Kn,...,n) ≥
(
3
2r − 1
)
n+ 1 for even n ≥ 2. 
3 Interval total colorings of hypercubes
In [7], the first author investigated interval colorings of hypercubes Qn. In
particular, he proved that Qn ∈ N and w(Qn) = n, W (Qn) ≥
n(n+1)
2 for any
n ∈ N. In the same paper he also conjectured that W (Qn) =
n(n+1)
2 for any
n ∈ N. In [9], the authors confirmed this conjecture. Here, we prove that
Wτ (Qn) =
(n+1)(n+2)
2 for any n ∈ N.
Theorem 12 If n ∈ N, then Wτ (Qn) =
(n+1)(n+2)
2 .
Proof. First of all let us note that Wτ (Qn) ≥
(n+1)(n+2)
2 for any n ∈ N, by
Theorem 7. For the proof of the theorem, it suffices to show that Wτ (Qn) ≤
(n+1)(n+2)
2 for any n ∈ N. Let ϕ be an interval total Wτ (Qn)-coloring of Qn.
Let i = 0 or 1 and Q
(i)
n+1 be a subgraph of the graph Qn+1, induced by
the vertices {(i, α2, α3, . . . , αn+1) | (α2, α3, . . . , αn+1) ∈ {0, 1}
n}. Clearly, Q
(i)
n+1
is isomorphic to Qn for i ∈ {0, 1}.
Let us define an edge coloring ψ of the graph Qn+1 in the following way:
(1) for i = 0, 1 and every edge (i, α¯)
(
i, β¯
)
∈ E
(
Q
(i)
n+1
)
, let
ψ
(
(i, α¯)
(
i, β¯
))
= ϕ
(
α¯β¯
)
;
(2) for every α¯ ∈ {0, 1}n, let
ψ ((0, α¯) (1, α¯)) = ϕ (α¯).
It is not difficult to see that ψ is an interval Wτ (Qn)-coloring of the graph
Qn+1. Thus, Wτ (Qn) ≤W (Qn+1) =
(n+1)(n+2)
2 for any n ∈ N. 
By Theorems 7 and 12, we have that Qn has an interval total t-coloring if
and only if wτ (Qn) ≤ t ≤Wτ (Qn).
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